


STRONG ABSORPTION AND THE DOUBLE FOLDING POTENTIAL USING B3Y-FETAL INTERACTION
ABSTRACT
This work examines the effects of strong absorption arising from nuclear potentials which are crucial to the understanding of the problem of nuclear interactions in other nonelastic channels. The double folding model was used to derive both the real and imaginary part of the nuclear optical potential using a mass-dependent B3Y-Fetal effective interaction constructed using the lowest order constrained variational (LOCV) approach. The absorption effect was incorporated in the calculations through the imaginary part of the optical potential. The folded potentials were found to be attractive and short-ranged over short internuclear distances of about . The results of the plot of the S-matrix elements and those of the differential cross-sections of deuteron scattering from were obtained. It was observed from the plots of the S-matrix elements that regions for which existed between  within the incident energies of , implying strong absorption at these small impact parameters. Pronounced success was also achieved in the fit of the differential cross-section of  within the energy range of .	Comment by ODAFE: Kindly include the atomic number of this element	Comment by ODAFE: 
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1.1 INTRODUCTION
The study of the most suitable form of nuclear potential to analyse nuclear interactions has received considerable attention in the field of nuclear physics in recent years [1]. Several theoretical models have been developed over the years to determine nuclear potentials to explain nucleon-nucleon interactions and as well as the structure of the interacting nuclei [2]. Unprecedented successes have been recorded in this regard by the use of computational tools in determining these nuclear optical potentials. To this effect, phenomenological potentials and folded potentials were derived and extensively used in nuclear structure and reaction studies [3]. These potentials derived in the elastic channel were expected to be used in other nonelastic channels.	Comment by ODAFE:  Authors are required to italise all the in text citations. So that it becomes: 
(Kurkcuoglu et al., 2006a)	Comment by ODAFE: (Ibraheem et al., 2023)	Comment by ODAFE: (Amer et al., 2016).
Effects of strong absorption are ever present in the interaction of heavy ions and to account for this, one needs to construct the OP systematically [4]. To account for the strong absorption effect, the imaginary part of the optical potential was added using the double-folding model [5]. For strong absorption, we have that  vanishes: essentially, all the angular momenta  are removed from the elastic channel[6]. Due to the finite range of nuclear potentials and the diffuse edges of the nuclei, it is expected that a more realistic model would produce regions for which  but a smooth transition from 0 to 1 over a relatively small range of  [7].	Comment by ODAFE: (Kurkcuoglu et al., 2006b).
In recent years, a good description of the nuclear optical potentials has been achieved by relating realistic nucleon-nucleon (NN) interaction and the densities of the interacting nuclei in the folding model (FM) framework [8]. The folding potentials are appealing since they can be used to predict the potentials of systems for which scattering data are not available. With the folded potentials, the ambiguities associated with the phenomenological potentials are eliminated [9]. The folded potentials are constructed by convoluting an effective nucleon-nucleon interaction with the density distribution of the incident particle and the target nucleus [10]. The potentials obtained through the folding models are found appropriate in the fact that they are simpler to handle. However, the folded potentials are used microscopically and the absorption effects are incorporated by taking the imaginary part phenomenologically. The success of the folding potentials in the description of the scattering data in the elastic channel has received considerable attention and recommendation over the years for its use in non-elastic channels [7, 11, 12]. In this work, the absorption effects are incorporated into the calculations by using the folding procedure to evaluate the imaginary part of the optical potential which is the main motivation of the present study.	Comment by ODAFE: The previous references should come become the recent ones. So that it becomes: 

( Satchler, 1983; Farid et al., 2014; Behairy et al., 2015 ).

Authors are required the same for all similar cases.
This paper is organized as follows: In Section 2, a summary of the mass-dependent B3Y-Fetal effective interaction is given. In Section 3, we define the folding model of the present study. In Section 4, we present the results of our findings, and other relevant discussions are made. Finally, we make the conclusions of our findings in Section 5.  
[bookmark: _Hlk132704908]2.0 The B3Y-Fetal Effective Interaction
Different forms of nucleon-nucleon interactions such as the Michigan three Yukawa interaction (M3Y) interaction have been used for the studies of nuclear matter properties [13–16]. The M3Y interactions were used to study nuclear matter properties and reactions and were quite successful.  In a recent study, mass-dependent interactions dubbed the B3Y-Fetal interaction derived using the lowest order constrained variational approach were constructed [17]. The interactions were derived using nuclei of mass number , 24, 40, and 90. Although the strengths of the interactions showed mass dependence, it was recommended that they could be used in the study of nuclear structure and reactions for all nuclei. 
In this work, the isoscalar component of the central potential of the B3Y-Fetal interaction of Table VII from [17] was adopted. In its simple form, the isoscalar version of the B3Y-Fetal interaction is written as [18, 19],	Comment by ODAFE: The previous references should come become the recent ones.
							(1)	Comment by ODAFE: Delete the last comma in this equation.
similarly, the exchange term is determined as:
				(2)	Comment by ODAFE: Delete the last full stop in this equation.
where  and  are the direct and exchange parts of the isoscalar component of the central potential of the B3Y-Fetal interaction.
This interaction is independent of the density of nuclear matter in which the interacting nucleons are embedded. It is, therefore, appropriate to consider the inclusion of the densities of the interacting systems. The inclusion of the density dependence to the bare nucleon-nucleon effective interaction is required for the nuclear matter to saturate rather than collapse [20]. The density dependence factor was added in the form prescribed by [21, 22], 
								(3)
The explicit form of the density dependence form factor under consideration is the exponential one and it is expressed as [23, 24],	Comment by ODAFE: Older should come before recent
								(4)	Comment by ODAFE: Authors are required to define all the terms from equation (1) to (4)
where , and  are constants and  is the density of symmetric nuclear matter. The constant terms are determined by an iterative method in a manner to ensure saturation and to reproduce the correct value of the nuclear matter binding energy () at.
The exchange term of the effective interaction has been studied within the framework of the resonating-group method within a one-channel space [15]. It was found that the most important contributions of the exchange term come from single-nucleon exchange and core exchange. However, the latter is important only when the two nuclei have the same number of nucleons. In nucleon-nucleon scattering, this part is called knock-on exchange. 
										(5)
where  are the direct and exchange parts of the effective interaction,  is the operator that exchanges all the coordinates of the two nucleons by making the exchange part of the effective interaction local.
A direct consequence of equation (5) is that this makes the exchange term local, and hence it presents itself as another problem of localization. To delocalize the exchange term, two groups calculated it and concluded that it could be estimated quite accurately by adding zero-range pseudo-potential to the interaction in the form [25, 26],
							(6)
where  is the zero-range pseudo-potential which accounts for the exchange part of the effective interaction [27] and  is the energy scaling factor. The zero-range pseudo-potential was evaluated as the Fourier transform of   at the Fermi momentum  of the incident nucleonto be  [18, 28]. The energy scaling factor was approximated to that of the M3Y-Paris interaction to be  to account for the energy dependence of the effective interaction [24].
[bookmark: _Hlk132705319]3.0	METHOD: The Double Folding Model 
[bookmark: _Hlk152207547]The optical potentialof the present study was derived using the double-folding model. The double-folding model was used to obtain the optical potentials by convoluting an effective nucleon-nucleon interaction with the density distributions of the projectile and target nuclei [10]. Therefore, the folded potential  was obtained by averaging the DDB3Y-Fetal interaction over the density distributions of the interacting nuclei. In its simplest form, the DF potential is written as  [15],
							(7)	Comment by ODAFE: Delete the last comma in this equation.
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)where  is the effective interaction (DDB3Y-Fetal), and are the density distributions of the projectile and target nuclei  and . The geometry used in the description of the double-folding model is shown in Fig.1.



Fig. 1 Coordinates used in folding calculations.	Comment by ODAFE: It should be Fig. .1
[bookmark: _Hlk152207781]The nuclear and charge densities of the projectile and the target nuclei were described using either the Fermi-type or the Gaussian-type function. In this study, the two-parameter Fermi (2pF) function was used. The 2pF function is defined  as  [29–31],	Comment by ODAFE: Older comes before recent
							(8)
[bookmark: _Hlk152207855]where , , and  are the nuclear matter density parameters. The proton (neutron) half-density radii were parameterised as[32],
								(9)
[bookmark: _Hlk152207939]where  and  are the neutron and proton numbers of the projectile. The diffuseness parameters  were taken as the proton (neutron) surface thickness [31]. The value of  was determined by the condition;
									(10)
where   is the nucleus mass number of the projectile. The density distribution of the target nuclei was taken also to be of the 2pF function
									(11)
where  and  are density parameters taken from [31].
The effective interaction included in equation (7) is real, and it is expected to account for the bare potential only. The immediate consequence was that the imaginary potential, which accounts for the polarization effect, must be constructed separately. However, this work accounted for the polarization effect by including an imaginary potential using the folding approach. With this proposition, the present nuclear potential was taken in the form [33]:
								(12)
[bookmark: _Hlk152207992]where  and  are, respectively, the real and imaginary renormalization factors. The imaginary part of the potential was chosen to be the same as the real part but multiplied by a different renormalization factor. The renormalization factors were included to optimize the theoretical calculations and experimental data fit.

4.0 Results
The absorption effect of the folded potential was studied by constructing the optical potential of  in the elastic channel within the incident laboratory energies of  to . The best-fit parameters of the folding calculations and other kinematical parameters of the calculations are listed in Table 1.	Comment by ODAFE: 
[bookmark: _Hlk132698342]Table 1: Best-fit parameters deduced from the double folding calculations and other kinematical parameters of elastic scattering of .
	Target
	
	
	
	
	
	(mb)

	
	60.0
	1.30
	0.60
	2.212
	0.345
	1048.35

	
	60.6
	1.25
	0.70
	2.223
	0.343
	1077.21

	
	64
	1.20
	0.60
	2.284
	0.334
	1021.51

	
	66
	1.20
	0.60
	2.319
	0.329
	1013.40

	
	68
	1.20
	0.60
	2.354
	0.324
	1005.45

	
	70
	1.18
	0.60
	2.389
	0.319
	995.85

	
	72
	1.20
	0.60
	2.423
	0.315
	989.99

	
	74
	1.20
	0.65
	2.456
	0.311
	1002.96

	
	77.3
	1.20
	0.65
	2.510
	0.304
	991.11

	
	80.0
	1.15
	0.58
	2.554
	0.229
	947.67

	
	90.0
	1.18
	0.6
	2.709
	0.282
	925.06

	
	170.0
	1.20
	0.75
	3.723
	0.205
	770.26



The absorption effect was accounted for by adding the imaginary part of the optical potential through the double-folding model. Both the real and imaginary potentials were taken the same but multiplied by different renormalization factors , and  respectively. In the folding calculations, larger renormalisation factors  were required for the real part of the optical potential while smaller ones  were deduced for the imaginary part of the optical potential. The calculated reaction  cross-sections at corresponding incident energies are shown in Table 1. The values of in the present calculation are however found to be smaller than those calculated using phenomenological and semi-microscopic potentials [11, 34]. The large values of the  is the manifestation of the absorption effect of the nuclear potential as included by the choice of the imaginary potential. However, it was observed that the values of  decreased steadily as the incident energy was increased.	Comment by ODAFE: Older reference should come before recent
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Fig. 2 Modulus of the elastic S-matrix of  at  .
	[image: ]
Fig. 3 Modulus of the elastic S-matrix of  at  .
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Fig. 4 Modulus of the elastic S-matrix of  at  	Comment by ODAFE: Fig.4
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Fig. 5 Modulus of the elastic S-matrix of  at  .
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Fig. 6 Modulus of the elastic S-matrix of  at  .
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Fig. 7 Modulus of the elastic S-matrix of  at  .
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Fig. 8 Modulus of the elastic S-matrix of  at  .
	[image: ]
Fig. 9 Modulus of the elastic S-matrix of  at  .
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Fig. 10 Modulus of the elastic S-matrix of  at  .
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Fig.11 Modulus of the elastic S-matrix of  at  .
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Fig. 12 Modulus of the elastic S-matrix of  at  .
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Fig. 13 Modulus of the elastic S-matrix of  at  .
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Fig. 14 Modulus of the elastic S-matrix of  at  .
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Fig. 15 Modulus of the elastic S-matrix of  at  .
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Fig. 16 Angular distribution of  elastic scattering at . 
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Fig. 17 Angular distribution of   elastic scattering at .
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Fig. 18 Angular distribution of  elastic scattering at 
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Fig. 19 Angular distribution of  elastic scattering at .
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Fig.20 Angular distribution of   elastic scattering at .
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Fig. 21 Angular distribution of   elastic scattering at .

	[image: ]
Fig. 22 Angular distribution of  elastic scattering at .
	[image: ]
Fig. 23 Angular distribution of   elastic scattering at .
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Fig. 24 Angular distribution of elastic scattering at .
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Fig. 25 Angular distribution of   elastic scattering at .
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Fig. 26 Angular distribution of   elastic scattering at .
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Fig. 27 Angular distribution of   elastic scattering at .
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Fig. 28 Angular distribution of   elastic scattering at .
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Fig. 29 Angular distribution of   elastic scattering at .


The moduli of the S-matrix were evaluated and the plots are shown in Figs. 2-15. In these figures, it was observed that the moduli obtained at all energies take ranges of values for which . Absorption effects were observed at all energies but were, however, seen to decrease with increasing energy. The decrease in the absorption effect as seen in these S-matrix plots is also evident as seen in the decreasing values of  with increasing energy as shown in Table 1. Within the incident energies of , regions for which  between  implying strong absorption at these small impact parameters. At the incident energies  and 170,  absorption effects were seen at small impact parameters but regions for which  were not observed. 	Comment by ODAFE: 2-15	Comment by ODAFE: 
The differential cross-sections were also calculated and fitted to corresponding experimental data to ascertain the suitability of the formulated optical potential using the B3Y-Fetal interaction. The results of the differential cross-sections of the present calculations are shown in Figs. 16-29. The observed diffraction patterns were well reproduced by the present calculations and reasonably good fits were obtained at all energies. The cross-sections were also seen to drop rapidly with increasing energy. This also confirms the impact of the formulated potential on the observed absorption effect.  In general, satisfactory fits between the experimental data and the theoretical calculations were achieved using the B3Y-Fetal interaction in the folding model.	Comment by ODAFE: 16-29
5.	CONCLUSION
The effects of strong absorption were studied using the calculated folded potentials of  in the elastic channel within the incident laboratory energies of . Sufficient evidences of strong absorption were observed as seen in the large values of the reaction cross-sections of Table 1 and the plots of the moduli of the S-matrix. The plots of the moduli of the elastic S-matrix elements as a function of total orbital angular momentum revealed that the real and imaginary parts of the optical potential contributed to the elastic scattering data. It was also observed that the nuclear part of the OP contributed to only a small range of L values. In these regions of small impact parameters, the effects of strong absorptions were observed, as . Beyond the region of the small impact parameters, the nuclear potential vanished, and only the Coulomb potentials contributed to the elastic scattering data as . Furthermore, the calculated differential cross-sections are in good agreement with those obtained experimentally. The success of the present study should motivate the application of the current formulation and the B3Y-Fetal interaction to studies of nuclear reactions in other nonelastic channels.	Comment by ODAFE: 
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