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1. Introduction

The semi-inner product spaces were first seen in
the work of Lumer [1], where he put into
consideration some vector spaces and defined a
mapping on them which is linear in one
argument only, strictly positive and satisfies
Cauchy-Schwarz’s inequality. Giles [2] studied
properties on Hilbert space in relation to the
theory of Banach space where fundamental
properties and consequences of semi-inner
product spaces were established. Giles [2]
furthermore described structural modifications to
the concept of semi-inner product by striking
homogeneity property producing much
convenience without causing any significant
limitation.

A generalization of the concept of semi-inner
product space introduced in [1] has also been
considered by Nath [3], where Cauchy-
Schwarz’'s inequality is replaced by Holder’s
inequality.

L
C"_semi-inner product spaces are new
-
generalization of Hilbert € modules connecting

L Ll
Hilbert ¢ -modules and Finsler modules. The ¢ -
semi-inner product spaces naturally generalize
semi-inner product spaces by letting semi-inner

products to take values in an arbitrary If'-algebra

instead of the If‘-algebra of complex numbers,
which attest its usefulness both theoretically and
practically as can be seen in [4].

On the other hand, in a normed linear space
there is various conception of orthogonality,
which generalizes the orthogonality in an inner
product space. However, one of the most
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In this research work, we study Birkhoff-James orthogonality in an arbitrary

X

finally introduce approximate orthogonality and investigate this notion in
semi-inner product space.

-semi-inner product, Birkhoff-James orthogonality, Approximate

momentous is the concept of Birkhoff-James
orthogonality which undertake a central role in
approximation theory.

Remark 1.1
An inner product A_module (where 4 is the
underlying r:—algebra) is a complex vector

space E such that £ is a right 4_module
satisfying the following:

1 {xdy +2) = Uxyh + {x,2)
o (xy.ab = {xyla

3 lxy)” = (y.x)

4 txx) =0

= = = H C
5_{x,x} 0=x=10 (x,},zEE,ﬂEA,.lE ),

If only conditions (1) to (4) hold, E is then called
a semi-inner product H-module, and L..] denote

the semi-inner product on E

Elements * #19Y in a semi-inner product -
module £ are said to be orthogonal if L.yl =0
and, for a given £ & [0.1) they are approximately

orthogonal or g-orthogonal if L. Il < ell<l Tyl
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, and establish the orthogonal preserving mapping in = -
semi-inner product space. It has been observed that every mapping that
preserves orthogonality is necessarily a scalar multiple of an isometry. We
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A mapping , where “ and Y are semi-

inner product H—module, preserves orthogonality
it 21 =0 implies M%7yl =0 o g x.¥ €%
and consequently it is an approximate

orthogonal preserving mapping if [x.y] =0
implies that 1T Tylll < eIl Tyl

In the present research work we tend to

investigate  the  approximate  orthogonal
c

preserving mapping in -semi-inner product

space.

2. Preliminaries

Definition 2.1
Banach Algebras and " Algebras

We shall use the term algebra to mean linear
associative algebra. If no field is mentioned, the
scalars will be the complex field.

LetF bea field, and let A be a vector space over

F equipped with an additional binary operation
from A x A to A, denoted here by -, then A is an

algebra over F it the following identities hold for
any three elements *¥, and Z of A, and all
scalars a and b of £

i b+ylz=x-z4y-z
i xr+zl=x-y+x-z
iii. (ax) - (by) = (ab)(x - y)

These three axioms are another way of saying
that the binary operation is bilinear. An algebra

over 4 is sometimes also called a F—algebra,

and ¥ is called the base field of A as can be
seen in [5].

Definition 2.2

An algebra A is said to be a normed algebra if it
has a norm that makes it into a normed linear
space and the norm also satisfies

a,be A
lell = 1.

. llabll < llall 5]
II. If A has an identity e then

If Ais normed and is a Banach space then it is
called a Banach Algebra [6].

Definition 2.3

An involution on A is a map
such that

22 A — Alar— a”)
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1. a" =oaeEA
2. (la +pb)* = 1a* +IB°A€F
3. (ahbl* =b*e". a.be A

If Ais a Banach algebra with involution and also

4 llaa*ll = llall?

Then A is called a € - algebra and (4) is called
the € - “condition”.

Definition 2.4
Let 4 pe a € algebra. A semi-inner product A

module is a linear space E which is a right A
module with compatible scalar multiplication

Alxa) = (Ax)a = x(4n) together with a map

lyFEXE—=A  guch  that for  all
xeBacAdlel e following properties are
satisfied:

i [.r._r]izl:l_and [x..r]=[]=>.r=[]
i [xay+pz]l=aley]+plxz]

i Deyl” = nad
iv [eyal =[e.yla gng [xa.y] =alxy]

v 1Ley1 <00l Dy ]

The triple (E"j"["']) is called a £ -semi-inner
product space or E is a semi-inner product A
module [4].

Example 2.5

Let (XI' L -]r) be a semi-inner product ;‘f-module,

I=i=n | for (fv-Gu) €A gpqg
n

(Fure Xy €@ _ X ’

We define,

{2y, -----rn)':ﬂj.- rees ﬂn) =(x,a,, ""-rr!ﬂr!)
And,
the € -semi-inner product is defined as follows:

[ Fny, Fre Yyl (o o enoyn iy,
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Then,
XL 1 A
( ) is a semi-inner product -module.
c
3. Orthogonality in -semi-inner

product in Birkhoff-James sense

In this section we plan to study the relations
between Birkhoff-James orthogonality and the

orthogonality in a C"_semi-inner product space.
We then extend some of the already known

results on the orthogonality in € _semi-inner
product spaces to establish the orthogonal

preserving mappings in the setting of semi-inner

product A_modules over an arbitrary 'f-—algebra
A

Remark 3.1

A semi-inner product A module ¥ hasI an -

valued “norm” in [7] given by x| =[xl gince
taking square root of a positive element is an
order-preserving operation in a ¢ -algebra, it
follows that |lx 11 = Ixlllyl tor g 2.y €V

1
Also for all ® €4 lal = (a’a)® 4nd we note that

r Fo.
the norm on ¥ makes ¥ into a normed “-

A vector ¥ in a normed space (E.II. 1 is said to
be orthogonal in the Birkhoff-James sense to a

vector ¥ €E jf llxll = llx + 2yl w A, [8,9]. For
inner product spaces, this definition is identical
to the frequent definition of orthogonality. In the
following proposition we plan to establish this

fact to semi- inner product H-modules, taking
into account the role of scalars is now played by

the elements of the ':"-algebra A,

Proposition 3.2

Let4 beal -algebra and let V be a semi- inner
product “-module. For *¥ €V the following
conditions are equivalent:

(i) [x. _‘J‘]: 0

xI* = lx+ayl® acA

CaJoST, 2021, 2, 115-120
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Proof:

() = (i). 1f =¥1=0, then

lxI* = |x + ayl® = [x + ay. x + ay]

I,

lxI* + a* [x.y] + aly. x] + layl

x> = lxl* + ay’_ lx +ayl® vaeA

(i) = (i) we may assume that ¥ = Oforalla €4,
We have,
lx]* = lx + ayl® Z [x + ay. x + ay]

—lx. x] + [x.ayl + [ay.x] + [ay. ay]

= |xl* | [x.yla , a’ly.x], a’lyl®a
This implies,

—lx.yla—a'lxy]l = a’lyla

[y 2l
o= _|J_II:
[y J.':?| ) )
For the above inequality
becomes
—[y.al —Lx.yl
[yl - J'_'T T - }, z[y.x] =
| [y J‘-?| | Ly }'-?|
=[xyl a [=[yaly
e |_‘J‘|' G
| Iy Jf-f| |[}' }'-3|
L,y 10y r;' n L.y 1y x;' L1y :[_'I.'.I:
) AF = ok
| [y¥1z | [y.¥1z | Ly y1z

2 [yt || L ylly. o <

[ty 22| L.y Iyl Ty, o]
2 [[iy523 ]| Leylly.ad < [x yllylTy ]

Using the inequality & 2@ =

for all “ 2 €4 we obtain that

Islla*a that nolds
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Comparing (1) and (2) we get

_ [z, yl[y. x]

Loyl = |l

L
2 || [J*J'] 2
which implies that,

Le.ylly. ] 20 From this it follows that L& ¥ =0,
Proved.

Proposition 3.3 [4, Proposition 2.4].

¢ -semi

E Then the mapping

Let £ be a right A_module and L. be a
inner prodyct on

x = llx. 211z is a norm on . Moreover, for each
x€E 5nq €4 e have lxall = lixllliall

Theorem 3.4

Let A be a r:"—algebra and let ¥ and W be semi-
inner product A_modules. For a mapping:

T:V — Wand for some ¥ =0, then the following
conditions are equivalent:

()T is “-linear and ITadll = kil

[Tx. Tyl = k*[x. v]
for all

nyelX

Proof:

()= (ii) for all @ € 4,
lalT=llI? _lalTxD alT=l) I
_llalTx|ITxl*a" |l
_lalT=|Za*l

_lllal*IT=]*ll

T a2l

ITax)l*

therefore since,

ITxll = kllll

we have,
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IT(ax)I* = k=llalxllI?
So that,

lalT=lI? = k*llal<llI*
either side gives,

Taking square root on

= kllalxll
and this yields,

lalT=lll

|Txl = |kxl
©))

Squaring (3) we have,

ITx|* = k*lxl* s implying that,

[Tx, Tx] = k*[x x]

(4)

Replacing * by ¥ in the second argument of (4)
we get,

[TI.TJ'] = k:[.r.j-'] -
(i~ @)
Given that I=Tal =k’lxx]l veyeX 44
k=0
From the above, let ¥ = *
[Tx, Tx] = k*[x, x]
(5)

Taking the square root on both sides of (5)
yields,

=

[T, Tx] = klx «]
(6)
Now,
17l = 7= a1l by definition.
N e2%s5E
:“k[x.x]! by (6)
K ” [x'x]%” since ¥ = 0
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_klllx, 211

=klixll
Theorem 3.5
Let A be a r:"-algebra and let ¥ and ¥ be semi-
inner product A_modules. For a mapping:

T:X — ¥ the following conditions are equivalent:

() Tis orthogonal preserving mapping,
(") |TJ.’|' = |TJ.’ + ﬂT_‘_rl' for all © = .-Jl_

Proof.
(i)~ (ii)

(i) implies that [T%T¥1 =0 gy the definition of
Birkhoff-James it is obvious that

ITxl* < ITx + aTyl*

< [T, Tx + aTy] + [aTy.Tx + aTyl
= [Tx, Tx] + [Tx. aTy]l + [aTy. Tx] + [aTy. aTy]

< [Tx.Tx]l + [Tx. Tyla + &’ [Ty. Tx] + [aTy.aTy]

< [Tx Tx] + [aTy. aTyl gjnee [Tx Tyl =0

Therefore,
ITx|® < ITx1* + layl® _ITx + aTyl implying (ii).
(i=()
ITx]* < |Tx + aTyl*
< [Tx, Tx] + [Tx, Tyla + a* [Ty, Tx] +
[aTy.aTyl
Which implies that,
—[TxTyla — a*'[Tx. Tyl = a*ITyla

o= — [Ty.Tal
Put lI731I* the above inequality become,

CaJoST, 2021, 2, 115-120
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2Tyl 1 [T, Tyl [Ty. Tx] <

HTyllI*[Tx, TylITyl [Ty, Tx]

2Tyl 12 [Tx, Tyl[Ty. Tx] < [Tx, TylITyl|*[Ty, Tx]
(7)

[Tx. TylIT¥I*[Ty. Tx] < NITYlII*[Tx. Tyl [Ty. Tx]
(8)

Comparing (7) and (8) we get

20Tyl 12 [Tx, Tyl[Ty. Tx] =
Tyl I*[Tx, Tyl[Ty. Tx]

which implies that,

T TylTy.Tx1 20 From this it follows that
[Tx. Tyl =0,

4. Approximate Birkhoff-James

Orthogonality

The approximate orthogonality in a semi-inner
product space is defined by
x 1%y & beyll = el=lliyl - powever, in an

arbitrary normed space X , the approximate
Birkhoff-James orthogonality established by
Chmielinski [10] is given by
x 15y ) ) implies that
I + Ay1* = ll=ll® — 2elAllxl vl

el

Motivated by the above approximate Birkhoff-
James orthogonality, we present a new type of

approximate orthogonality in ¢
product space.

-semi-inner

Proposition 4.1
For a given £ €01} elements ¥ in a semi-

inner product A module ¥V are said to be

approximate Birkoff-James orthogonal denoted

by * L2y i lx + vall* = llxll* — 2ellall <] ||j‘||_
@€ A xyE 'Ir’)_

Proof:
For any @ € 4 we have
lx +vall* = Ilx + va.x + yalll
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= |Ilx. x] + [ya. yal + [x. val + [ya. ]l

= M x] + [_‘J‘ﬂ._‘]‘ﬂ] =1 [.r.j'n] + [J‘n..r] [
= | Lx 2]l = 1lx. val + Dy, £l
= |l = I v yalll — Ilya. =]
= llxll* = 2llallllLx, ¥]II
= lxll* — 2&llall =Nyl

Thus,

Ix + yall® = llxll* — 2zllall =l iyl

And so,

rlzy

Corollary 4.2 Let **¥ be elements in a semi-inner
product “-module ¥ such that [x:x] 15 [xy]
then ¥ LV

Proof:

We assume that * = ¢, Since [x,x] 15 [x.y]

aeE A

Therefore for every we have,

ILx, 2] + [x.vlall® = 1 [x. =115 -

2ellall lx, x1NNLx, y1 1
This implies,

Ilx. x + yalll* = llxlI* — 2ellall |l Il Lx, y1

Hence we get,

l=l*llx + yall* = lxll* — 2zllall llx]* 1yl
Since l1xlI* = 0

we obtain from the above inequality,
lx + yall® = llxll* — 2zllall lx]l iyl
Thus, implying that,

E

x 1z v
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5. Conclusion

Approximate orthogonal preserving properties in
the frame work of inner product A-module
particularly Hilbert C-modules has attracted a lot
of attention in recent years. In this paper we
established an  approximate  orthogonal
preserving property in the setting of C’-semi-
inner product A-modules. It has been observed
that mappings preserving orthogonality were
necessary a scalar multiple of an isometry.
Further research could also be carried out on C*-
semi-inner product spaces. For instance, is it
possible to define a C*-metric on C*-semi-inner
product spaces?
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