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In this paper, we study iterative approximation of attractive points for finitely
many families of generalized nonexpansive mappings in a uniformly convex
Banach space. We introduce a new algorithm combining a viscosity step with an
inertial extrapolation. Under suitable control of the inertial and viscosity
parameters and standard conditions on the mappings, we prove that the
generated sequence is bounded. We then show that every weak cluster point of
the sequence is an attractive point common to all mapping families. The main
result establishes that the sequence converges weakly to a unique such
attractive point. This extends earlier results confined to two mappings by
considering finite family. These findings confirm that the proposed viscosity-
inertial iteration successfully approximates the common attractive point under
the stated hypotheses. Overall, the work broadens convergence theory in
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1. Introduction

Let X be a real Banach space and ' a nonempty
closed and convex subset of X, Also T be a
mapping from C to , the set of fixed point of T is
denoted by
F(T)={x eC:Tx=x}.
A mapping T: C — (C is called
1. non-expansive mapping if
ITx —Tyll < llx—yllvey e C
2. Quasi-nonexpansive mapping if

F(T) # @, and
ITx—z|l <llx—=z| ¥ x EC and every
z € F(T).

3. generalized nonexpansive mapping, if
ITx—Tyl =allx —vll + 5 ITx — I
+cliTx —yll +d Ty — ¥l +ellTy —«lI
v¥x,y € Cabec.de are non-negative constant,
anda+b+c+d+e =1
It was also mentioned that the above definition is
equivalent with
ITx =Tyl =allx — vl
+b(ITx — Il + ITy — ¥Il)
+e(ITx =yl + 1Ty — =l
o+ 2b+ 2c = 1if b and c =0, we have
ITx— Tyl =allx —¥ll.
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Banach spaces by enabling new classes of algorithms for approximating
solution points of generalized nonlinear problems.

Keywords: Weak convergence; viscosity; attractive point; uniformly convex
Banach space; generalized nonexpansive mapping.

A point is termed an attractive point if it meets the
following condition:

ITx—ull| <|lx—ullvx€EC, and ueEX

Numerous researchers have explored attractive
points from various perspectives. Takahashi and
Takeuchi (2011) were pioneers in introducing the
concept of attractive points within Hilbert space.
Their primary aim was to eliminate the reverse
closure and closedness assumptions typically
applied to a nonempty subset in Ballon's renowned
nonlinear ergodic theorem (Ballon's, 1975). They
also established an existence theorem for attractive
points without requiring convexity. It is clear from the
definition of fixed point sets that, in general, a fixed
point does not necessarily qualify as an attractive
point, and vice versa. Jenwit and Suthep (2020)
presented an accelerated iterative algorithm for
computing a common fixed a common fixed point of
an infinite family of nonexpansive mapping in Hilbert
space with a structure similar to Nesterov's(1983)
acceleration principal approach which laid the
foundation for modern inertial methods in
optimization and fixed point.

Ali and Ali (2019) demonstrated a convergence
theorem for the Mann iteration applied to two
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generalized nonexpansive mappings in uniformly
convex Banach space.

x, e C

(1.1)

-rrH.j_ = ﬂr!-rﬂ + _Er’!:-rrj_xﬂ + ]-’i:!T:.rﬂ‘G‘rnE M
Where . fn: ¥ e (0.1} and ap +8; +¥n=1.

Thongpaen, Kaewkhao, Phudolsitthiphat, Suantai,
and Inthakon (2021). Established weak and strong
convergence of (1.1) for common attractive points of
widely more generalized hybrid mappings in Hilbert
space.

Thongphaen, Warunun, Suthep, and Narawadee
(2022) demonstrated strong convergence results for
common attractive of two generalized non-expansive
mappings of (1.1) in uniformly convex Banach space
using the condition of a non-decreasing function with
and for any such that that is 3 a non-decreasing
continuous function h:[0.ea} = [0.e2)  with and
h(0) =0 and hir) = 0 forany r = 0 such that

h {d {IH-A{T]_- T: ]}):—:: "xi’! - 1|w].‘ri"! " or
h(d (2 AL T))) < lxy = Ty .

Wiriyapongsanon, Inthakon and Phudolstthiphat
(2022) studied finite families of multivalued
nonexpansive mappings for common attractive and
proved convergence of modified iterative schemes in
uniformly convex settings. Read also (Ali, Haruna
and Harbau, 2023; see also Asi, Khan, and Khan,
2023).

A new inertial accelerated Mann’s algorithm was
also introduced for finding a point in the set of fixed
points of asymptotically non-expansive mapping in a
real uniformly convex Banach space, which was
able to established weak and strong convergence
theorems for the scheme (Harbau, Godwin, Lateef,
and Ahmad ,
2021).

In a related development Harbau, Godwin, and Malik
(2024) proposed a viscosity approximation method
and proved a strong convergence theorem for the
attractive point of a finite family of widely more
generalized hybrid mappings.

Recent advances in iterative methods for
generalized nonexpansive mappings in Banach
spaces have focused on developing robust schemes
with strong convergence properties under minimal
conditions. Strong convergence theorems for
multivalued generalized nonexpansive maps using
modified F-iteration processes in uniformly convex
Banach spaces have also been established
(Hussain, Alamri and Alsulami, 2023). Further,
Suzuki-type generalized nonexpansive mappings
and associated convergence analysis highlight the
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broader class of mappings where iterative
approximation remains effective (Ekinci & Temir,
2023). Finally, inertial iterative methods that
combine inertial effects with fixed point and
variational inequality frameworks in uniformly convex
Banach spaces offer insight into accelerating
convergence behaviors relevant to your viscosity—
inertia approach (Aldosary & Farid, 2024). lvanov
(2025) investigated uniformly convex sets in

banach spaces, extending classical geometric
notions from normed spaces and analyzing
several variants of uniform convexity along their

structural properties.Stability of functional equations
in uniformly convex settings has been established
(Sun & Zhang, 2023).

Building upon the results of Thongphaen et al.
(2022) as well as the abovementioned results, the
aim of this research aims to investigate a viscosity-
Inertia approximation method for finitely

Many families generalized nonexpansive mappings.
We establish weak convergence theorems to
attractive point of these mappings.

2. Preliminaries

In this section we give some basic definitions of
some terms and lemmas that will be used in our
main work

Definition 2.1: A Banach space X is called

uniformly convex space if for any =& (0.2] there
exists a o= ole) such  that
xy € Xwithllzll, llyll £1 andllx —yll = &, then

| < 1-0.
Definition 2.2:
1. Demiclosed at ¥, € C. If for any {x,}eC
which converges weakly to x, € C and
Tx, =¥, it holds that Tx, = ¥,.
2. Semicompact, if for any {x,}e C such that
lim Iz, —Txyl = 0.There exists

subsequence x,_ from =x, such that
X, > xEC
Remark 2.1: Every uniformly convex Banach space

is Reflexive.

Lemma 2.1 [Goebel and Kirk (1990)]: Suppose
that T: H — H is a non-expansive mapping. Let
{xy)n=1 be a vectorin H , and let « be a vector in H.
Ifx, = uandx, —Tx,—= 0 asn — = then

u e A(T),

Lemma 2.2 [Opial (1967)]: if a Banach space X
having a weakly continuous duality mapping | and
x,—=x,thenforany x € X

rl||._rr; infllx, — x|l = r{i_rginf'"_rﬂ —x,l.

Lemma 2.3 [Yeol, Haiyun and Ginti (2002)]: Let X
be a uniformly convex Banach space and E, (0} and

© 2026 Faculty of Science, Sokoto State University, Sokoto. | 190



Weak Convergence Theorem for Attractive Point Of Finitely Many Families Generalized Non... Full paper

r=0 be a closed ball of X¥. There exists a g:[0.02) — [0.22) with g{0} =0 such that
continuous strictly increasing function

lax + 8y + Azll* = allxll® + gliyll=+allzl*-aBglllx —ylifor all  x.y €B,(0) and af.1€(0.1) with
ct+f+i=1

Lemma 2.4 [ Zhang (2009)]: Let X be a uniformly convex Banach space and B-(07} and r = 0. Let

B,(0) ={x e X:llxll = r}. Then for any x, < B.(0), forany A; € (0.1) . € {1.2,3,....5} with

Ef=L 4; = 1. there exists a continuous strictly increasing function g: [0.%} — [0.22} with gl0) =0 such that
forany j.i.k € {L.2.3....s} with j <.k the following inequality holds:

)

- =
> |l = 4l A glllx; — xil).
j=1

i=L

3. Results

In this section we prove strong convergence
Theorem 3.1:
Let X be a uniformly convex Banach space and  a nonempty convex subset of X satisfying opial's

condition. Suppose T;:C — C for every i € {1.2,...K} be a finitely many families generalized nonexpansive
mapping with M, A(T; ) =0 . Let {u,} be a sequence generated by

( ug uy; € €
Ty = Uy + Er!':.-ur! - ui’!—L], vn =1 (30)
< K+l
Wy = Z ¥n |'E'—Lvn
=1
k E’[i’!+]. = |::ri’!.flf'l’[i’!:] +.'rj|i‘!ui"! + I:’:"li’!."""li’! 1';"- n 3 ]'
Where f: C—=C is a contraction mapping with L £[0.1), T,is identity mapping. The sequences
fty, Bty and ¥ ; €(0.1) and 54y, =1v¥n =1 and the following conditions holds:
1. ap+ B, +tw,=1%n =1
2. Lma,=0and Ef.,a, =,
MN=—=oc
. . En
3. lime, lat, — 2,/ = 0 and rl!L_|t'£’1=|:,—u||uﬂ —u,_,ll=0

4, D=ao=f =b =<1,
5, 0=c=w, =d =1

Then {u,} converges weakly to x € M¥_, A(T; ).

Proof:
We first show that {u,} is bounded. By the definition of {1} and {w,}, we have
i, — =l = lla, + 2,00y —uy, ) — xll
v, — =l = oy —xll + &g llaey — 2yl (3.1)

Also, we have
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K+1
llw, — Il = ZF”*" Ti gty — X
i=1
KE+L
= Z ¥a.i [TL'—LUrJ - .1.’]'
=1
K+1
< D i Il Ty =2l
i=1
E+1
< Yai llvy =l
i=1
< |, — xll
lhwy — xll = Ny, — =l + 2 ey — |l (3.2)

Now using equations(3.1) and (3.2), we have
Ilur]+j_ - xll = Il anf[un}+ ﬁnun + mnwr] - xll
= Il fy [f[un} - -r]' + ﬁn [un - .1.’} + mn[wn - I}Il

[leey (FCan) = £G) ) + (F ) — ) + Byl — ) + o (wy — x)|

(1

el Fla, ) — FO I + e I FGe) — )l + Bl — 2l + ey, Ul — 2+ 20l — w110
=< ay Lluy, — xll + 8, Ny, — 2l + ey lluy, — xll+ wqe,llu, — wpo e, £ — =l

=ay Llu, —xll + (1 — ey, — xll+ wye,llugu, e, £ — x|

(g L+ 1 —ap M, — xll + cpeplluy, —up I+ e, llFG) — x|l
=[1—a,(l — L)lluy — xll+ wpegllu, — g I+, ll £} —
=[1—a,(1 = L), — x| +% leopeg g — up_ I + apllflx) — ]
I 1
= [1—an(l = Dlllug —xll+ an(@ = 1) [ 2l — sl + 20 G) =l
By condition 3, we have lim :—“Ilun —u,_,|l=0,3F = 0such that :_""“n —u,_,ll =R

wn =1

dF, _
ey, —xll =[1 —a,(1 - L}]M{"un T IIF ) xll}

1—L+ 1-L

d -
+a, (1 — L) max {llun - xll,ﬁ + %}
dry o lF -
EM{llun—xll,L_L — }
d -
—ay (1 = L) max {Jlu, - xll, 22 4 2=}
d (2
+a, (1 — L) max {"un - x||,£ %}
dap, Il Ca) —ll
Nty = 1l = ma {Jla, — 2l 22 4 A=Y,
By induction, we have
dey | |f -l
Nty = x| = mas {Jlug = xll, 2 + =2 v = 1, (3.3)
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Since lluy, — xll is bounded, this imply {u,} is bounded. Hencelv,}. {w,} {f(u, )} {Tiu, ) {T; v, Jare all
bounded.

Next, we show u, — Tju, = 0 asn — oo,

Before, we claim the following: 1, — Tj_y1, = 0, uy — 13, = 0, wyy — 1wy =0, wyyy — 1wy = 0,
Upyy = Vo= Oty —Up = 0,0y, =T yuy =0 asn—oo,

We have

i — 2l = lluy, + &Gy — upe ) — x|

ll, — 12 < Ny, — 2012+ 2, My — 2l llae, = 2y, |+ 2, %Nty = 2 I12. (3.4)

Also, we have

K+l
Ilwn _x"! = z ']'rr].f T;'—Lun —X
i=1
H+l :
= ZT’H_[ I:Tf—J.l"rJ - x) ‘
i=1
By lemma 2.4 we have
K+l
lhwy =22 < D i | Toosti = 1 =it 19l = Tecyval)
i=1
K+l
= z Vni Ilvn — xl1? _']"rn_[:"]'rr],l'g(" Yy — Ty W Il]
i=1
llwy — =17 < llwy — xIF =y 0¥ 09l — Tiy vl (3.5)

Now from the scheme(3.0), we have
g,y —xll® = llee, Fla, )+ Bou, + wow, — x]I°
= llery (Flatg) — x) + By — x) + wy(w, — x)lIF
<ol F G, ) — 22 + B Ny, = 2l + w llwey, — x]1F.
Using equations (3.4) and (3.5) we obtain

N,y — 2% < apllfluy) — xl1® + Bolluy — 1% + ey [l — 2112 = v, g¥nig v, — T_yw 1]

1A

'5"r1||4i|r|:i’[r1:I —xlI* + .En"“n —xlI* + Im‘n"“ﬂ — xlI* - fay Tn_DT'n_l'g("Un - Tl'—].unll:]

1A

ﬂ'n"f{Hn] —xl* + ﬂu"“n —xll* - Wy Y o¥n.ild ("Vn - Tl'—].vr:l":]

ooy [, — 2l + 28, e, — 2l ey, — M+ 2,2 e, — g, 11F]

ﬂ'nllf{“n] —xl* + ﬂu"“n —xlI* + m‘n"“u —xll* - iy Tn_nyn_l'g':" vy — iy Il]

oo 28, luy, — xllllae, —wup I+ &7 ey, — upy 117]

apll flug) — 217 + (B + @)l — 2l =y vy o ig Ul — Ty D
gy luy —up_ 1120y, — Il + 2l — gy 11D
g,y — 27 = apllflay) — 217 + (1 — ey, — xlF—ay ¥novnigtllv, — o)

gy luy, —uy 20, — xll + 2, e, —w,, 1.
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Consequently, we have
iy Vo o¥nig (e =Tyl = el flug ) — xI* + Nl — 217 — el — M7 — lae,, — 212
gy luy, — up 20, — 2l + 2, ey — 2y, 1]
iy Vo o¥nig Ul — Tl € ap (I Gy ) — xUF — Ny, — x1%) — Qlug,, — x1° = Nl —=117)
teopeglluy —up_ 20, — xll + &, ey — 2y, ]
By taking limits of both side, assumptions 2, 3, 5, the boundedness of ¥, ;¥4 and properties of “g” we have
r!i_:n;"v,, — Tl =0. (3.6)

Also, we obtain

Iy, =l =l + 5 Gy — ) — |l
i: Enllun _un_j_ll
limlle, —u,ll = lim &, llu,, —u =0 3.7
lim 1y, — uyll < Him gl — 2 @.7)

We also have

ra

A+l

llhw, —xlI* = | ZT’H,[ Ty —x

K+L

<) s I Ty = sl

=L

(&

K+l

Z Fa.i TIL'—J.U'rJ —x

=1

. S

K+1

<D Vi vy — =l

=1
= I, — xlI=.
Using equation(3.4), we have

lwy — xl1* = Ny — 20+ 22, lluy, — 2l g, — wpo N+ 20 oy — g IIF (3.8)

Using lemma 2.3, and equation(3.8), we have

M,y — =17 = e, fluy )+ Bru, + wow, — xlI*

Il“n{f{“n} —x}+ Bpluy — x) + cp(w, — :r:}":

L

<oyl flug ) = xlI® + 8Ny, — xll* + wpllwy, — 2117 = 8,0, gllla, —w, 1)

1A

e ll Flayd — x1* + B lluy, — =l + ey llla, — 2117 + 28, ey, — xll e, — o I+ 52 ey, — ayy 117]
_.gnmn g[llun - Wn"}

gl flagd —xl* + By lluy, — =l + wplluy, — 217 + w,[ 26, ey — 2l ey, — o I+ 257 ey, — 2 11°]

_.gn iy g[llun - Wn"}

gl flag ) —xl* + By lluy, — =l + wplluy, — 2117 + wpeplla, — upo I 20, — 1 + &5l — iy |l

_.gn iy g[llun - Wn"}
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lupe, — =l* = eyl Flay) — =% + (1 — ey illa, — xl1* + wpegllo, — wpo I 20, — 2l + &, 1, — u,_, ]
=B gllu, —w,lD.
Furthermore, we have
Brwn gllluy —wi ) = el flau, ) — 2115 + llay, — xII° — el — xII°
tepeglluy —up_ I 20y, — 2l + &l — e, ]
Bocoy gllla, — w1 < e (1 F G ) — 0% = llae, = 215y = Ol — 201 = gy, — (17D
e lluy, — up I 20, — xll + &, llu, — w1
By taking limits of both side, assumptions 2,3,4,5 and the properties of “g” we have
%i_ln;l:"un —wyll =0. (3.9
We also have
lwy — vl = llwy — ay + 2y — 1, ll
< flwy, — 2 Il + Ny, — 1, 11
By(3.7) and (3.9), we have
%i_jnlﬂwr_. -l =0 (3.10)
Consequently, we have
N,y — voll = oy f o) + Brttn + oy — vl
= llag (f () — v) + Brutn — vn) + @p(wy — v)l
e |l ) =l + B lluy, — v 1+ eog llw, — vl
By condition 1 and (3.7} with (3.10). we have
r%i_jn;lluﬂ+L -l =0 (3.11)
We also obtain the following
Mgy —upll =N, — vy + vy — uyll
< My — vl + lly — 2l
Using (3.11} and (3.7). we have

i - = 3.12
%Ln;"unﬂ_ uyll=0. (3.12)

At the end, we have

Nap — Ti_yuagll = Ny — wappy + gy — vy + v = Tioyvg + Ty v — T gyl
= Nty = upyll + latgyy — vl v, — Tyl 41Ty, — Tyl
< Ny — gy I+ Ny — vl #ll, = To gl e, — |l

By equations(3.6), (3.7), (3.11) and (3.12), we have

limlla, — T:_,u,ll = 0.
tim ity — T;_ g2

Since lim llu, — T;_yu, |l = 0 we conclude that
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M= oo
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(3.13)

The set of all weak limit points of the bounded family {u,,} is denoted by#.. {u,,}. Since

Xisreflexive and (uy] is bounded, there is a subsequence u;, from (u,] that goes weakly towards a point u
consequently since rEim lu, — Tru,ll = 0 and by Lemma 2.1, it follows that rl|im ||uﬂn - T,-uﬂn” =0, then the

map is demiclosed

at zero, we have Tx = x, therefore 8, (u,)} < A(T;). We demonstrate that &, (u,} is a

single element set in order to demonstrate that (u,) converges weakly to x € A(T;}. Let X satisfies opial's

property, suppose x.1 € By, (1iy)
well as u,, — r . Then for x # r, we provide

lim inf"ur._— r'" = liminf'"ur._—x".
F—aoo o B =
lim inf'"ur. —x" = liminf'"ur. — r"
f—== L f—== 'L

Now by (3.14}and (3.15) we have

lim [lu, — x| = lim infl|u,, — x|
<imindlun,

=lim |lu, —

M=o

= lim inf'"ur. — r”
t—oo it

<lim inf'"ui,. — x"
t—oo it

= lim [, — xlI
===

The contradiction implies that the &, {u,) contains
only one element, hence u, — x.

4, Conclusion

In this paper, we proposed a viscosity—inertial
iterative scheme for approximating attractive points
of finitely many generalized nonexpansive mappings
in a uniformly convex Banach space. Under suitable
control conditions, we proved that the generated
sequence converges weakly to a common attractive
point of all mappings. This result extends the work of
Thongphaen et al. (2022) that was restricted to two
mappings and provides a more general framework
for analyzing convergence in nonlinear settings. The
findings contribute to the development of iterative
methods in fixed point theory and may inspire further
research toward achieving strong convergence and
exploring wider classes of mappings.
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