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Diffusing Species into Some Host Metals in 

Spherical Solids 

Akaezue N. Nwagbogwu*, Ngiangia A. Thompson, and Onyeaju M. 

Chukwudi 

This study investigates the diffusion of various species into host metals in 
spherical solids. The time-dependent diffusion equation in radial spherical 
coordinates was transformed into a time-independent form, resulting in a 
Bessel differential equation of the zeroth kind. The concentration profile 
within the system was obtained using the Frobenius method. This solution, 
combined with the fractional Stokes-Einstein model, was used to plot graphs 
showing the effect of the fractional exponent and temperature on the 
diffusing species. The results indicate that a rise in temperature leads to 
early saturation or convergence, followed by divergence, reflecting an 
increase in the concentration of the diffusing species. Additionally, it was 
observed that as the fractional exponent increases, the concentration of the 
diffusing species is enhanced. A model for determining the diffusion 
coefficient of the host metals is also proposed. The characteristics of the 
host metals, as shown, significantly affect their diffusion rates. The 
experimental model is presented alongside the calculated concentration 
values. The unique approach and findings of this research offer a valuable 
contribution to diffusion analysis, with potential implications for a wide range 
of applications involving solid-state materials. 
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1. Introduction 

Diffusion is a fundamental process in material 

science, characterized by the movement of 

atoms and molecules from one site to another in 

a material medium due to thermal agitation. This 

results in a uniform composition throughout the 

material. As defined by Rajput [1], diffusion is 

driven by thermal energy, allowing atoms to 

move when they gain sufficient vibrational energy 

to break the bonds with neighboring atoms. For 

diffusion to occur, two conditions must be met: 

there must be vacant sites for atoms to occupy, 

and the atoms must acquire enough kinetic 

energy to overcome the energy barriers that 

keep them bound to their neighbors. At any given 

temperature, only a fraction of atoms possesses 

the necessary energy to engage in diffusion, and 

this fraction increases as the temperature rises. 

Diffusion in solids, however, is generally a slow 

process, especially at lower temperatures, where 

its rate is relatively slow. As temperature 

increases, diffusion becomes critical in various 

metallurgical processes such as precipitation, 

recrystallization, and metal bonding. Karczub and 

Norton[2], emphasized that diffusion in solids 

plays a vital role in many processes within 

material science and serves as the foundation for 

numerous technological applications. The 

potential of diffusion to drive future technological 

innovations has attracted the attention of 

researchers. Bian et al. [3], noted that diffusion 

continues to be an area of active research due to 

its broad range of applications.Extensive 

research has been conducted to understand the 

relationship between diffusion, self-diffusion, and 

viscosity, as well as to determine the 

experimental limits of the Stokes-Einstein 

equation. While diffusion refers to the movement 

of atoms or molecules from one site to another, 

self-diffusion refers to the movement of atoms 

within a material without any net mass flow. In 

self-diffusion, the product of the diffusion 

coefficient and viscosity is constant, validating 

the Stokes-Einstein equation. However, in cases 

of regular diffusion, this product is found to be 

temperature-dependent [4,5]. Surface mobility 

and diffusion, particularly in glasses, are key 

factors in understanding the dynamics of glassy 

materials and their impact on processes such as 

friction, crystal growth, catalysis, and 

microfabrication. Metallic glasses, which exhibit 

distinct structural and bonding properties, offer 
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intriguing possibilities for exploring surface 

diffusion. Cao et al. [6] emphasized the 

importance of understanding the crystallization, 

nucleation of shear bands, and microfabrication 

techniques in these materials. The transport 

properties of Brownian particles in suspensions 

are also of great interest, especially in complex 

fluid applications such as food technology and oil 

recovery. Extensive experimental and theoretical 

studies have been conducted in this area of 

research [7]. In crystalline solids, diffusion occurs 

via atomic hops in a lattice structure. Kapoor and 

Oyama [8] explain that diffusion in such materials 

is characterized by a separation of timescales 

between the elementary jump process of 

particles between neighboring lattice sites and 

the macroscopic diffusion process. The 

elementary atomic jump, which occurs when an 

atom hops into a neighboring vacancy or 

interstitial site, lasts for a brief duration, 

approximately 10-13 seconds, corresponding to 

the reciprocal of the Debye frequency [9]. 

Understanding diffusion in solids often involves 

random walk theory. When the electron density 

in solids is not in equilibrium, electron diffusion 

occurs. For example, when a bias is applied to a 

semiconductor or light shines on it, electrons 

diffuse from regions of high density to regions of 

low density, forming an electron density gradient 

and generating a diffusion current [1]. When two 

miscible liquids are brought into contact, diffusion 

occurs, and the concentration follows Fick’s law. 

On a mesoscopic scale, between the 

macroscopic scale governed by Fick’s law and 

the molecular scale where random walk 

dominates, fluctuations play a significant role. 

Landau-Lifshitz[9] fluctuating hydrodynamics 

provides a framework for modeling diffusion in 

such systems, where fluctuations are taken into 

account. This theoretical approach shows that 

diffusion is driven by fluctuations at both 

molecular and macroscopic scales [10]. The 

development of diffusion equations, particularly 

Fick’s law, plays a key role in integrated circuit 

fabrication processes, such as thermal oxidation 

and doping. Depending on the specific 

conditions, solutions can be obtained for various 

boundary conditions like constant source 

concentration diffusion or moving boundary 

diffusion. During the processing of metallic 

materials, they undergo structural 

transformations, with diffusion playing a critical 

role in adjusting compositions during 

solidification [11]. During casting, liquid metal 

cools to form a solid component. However, 

conditions may vary, leading to either equilibrium 

or non-equilibrium solidification. Diffusion is a 

time-dependent process, and in solids, diffusion 

is much slower than in liquids. This concept 

could also be investigated with selected potential 

models [12-27]. Equilibrium solidification requires 

extended periods, which are often impractical. As 

a result, most solidification processes occur 

under non-equilibrium conditions, leading to 

compositional gradients and the formation of 

metastable phases. Price [28] noted that non-

equilibrium cooling can result in phenomena 

such as segregation and coring, which may need 

to be corrected through annealing or hot-

working.Coring, which is common in alloys with 

distinct liquidus and solidus temperatures, can be 

removed through annealing, while segregation is 

often exploited in zone-refining techniques to 

produce high-purity metals. Micro-segregation 

describes compositional differences within a 

crystal, whereas macro-segregation refers to 

larger-scale heterogeneities. Santra et al. [29] 

explain that micro-segregation can be mitigated 

through annealing, but macro-segregation 

typically persists through conventional heating 

and working processes. Motivated by their 

studies, we intend to determine the temperature 

and concentration dependent system of diffusion 

coefficient. 

 

2. Formalism 
The governing equations that describe 
theoretically the dynamics of diffusion in a given 
spherical solid are the diffusion equation in 
spherical co-ordinates and its complementary 
equations given as [30], 
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where
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 is the radial distance, 
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 is the  polar 

angle and 


 is the  azimuthal angle , 
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concentration and D diffusion coefficient. 
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r
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                                              (4) 

where 1  is a constant, rE ,T  and OD  are the 

activation energy, temperature and pre-
exponential factor respectively. 

A generalized 
expression for the activation energy  is given as 
[30]

 


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Dd
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                                (5) 

which incorporate the quantum mechanical 
tunneling role in the diffusion of the reacting 
metals. where R is the universal gas constant. 

According to Price et al [28], the Fractional 
Stokes-Einstein relation for diffusion coefficient is 
given by 

 D =




r

TK

6
                                                     

(6) 

where, =BK Boltzmann constant,  is viscosity 

and   ranges from 0.6-0.9. 

The boundary conditions are given as 

( ) ( ) ( ),0 0, 1, 1, 2, 2,C r C t C t= = = [9], 

3. Method of Solution 

Equation (2) is transformed from time dependent 
to space dependent equation by using an  
expression of the form, 

( )
nt

r
eCC −= 0

                                           (7)
 

where, ( )rC0  is the characteristic concentration, 

t is time and n is a constant. 

Putting equation (7) into equation (2), gives the 

resulting Bessel’s differential equation of zero 

kind as
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The Frobenius methodis given as 
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Substituting equation (9) into equation (8) and 

multiply by
Kr −2

, results into the equation 
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The indicial solution is 0=B , -1 

Substituting the values of the indicial solution and 

simplification for identity results into
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Imposing boundary conditions into equation (11) 
we have the following resulting equations 
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Solve equations (12) and (13) simultaneously to 

obtain 0C  and 1C and substitute into equation 

(11)  yields 
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To  determine the diffusion coefficient equation 
(14) is put into equation (4) and the result is  
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Also, from equations (3) and (4), the constant 1  

can be stated as  

KTC

Er−
=1                                             (16) 
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4. Results and Discussion 

We used the following parameters 
(

)5.0;0.5,0.4,0.3,0.2,0.1;0.1,9.0,8.0,7.0,6.0 === nr
23 0 0 0 0 0 0 0 01.380650 10 ; 5 ,10 ,15 ;20 ,25 ,30 ,40 ,50 , 3.142BK X T C C C C C C C C −= = =

).Figures 1 and 2 show the relationship between 
concentration and the radius of the diffusing 
entity for Cu-Cu diffusion, with varying 
temperature. The data indicate that as the 
temperature increases from 5°C to 25°C and 
from 10°C to 50°C, there is convergence at the 
zero point. It is important to note that this 
convergence is due to the characteristic property 
of diffusion, which is influenced by viscosity. 
However, as the thermal energy increases 
further, a significant divergence is observed, 
indicating that at higher temperatures, the 
concentration of the diffusing species increases 
substantially. The enhanced thermal energy 
promotes the internal energy of the diffusing 
atoms, making diffusion more effective and 
increasing the diffusion rate. This observation is 
consistent with Rajput’s [1] findings. Figure 3 
illustrates the dependence of concentration on 
the radius of the diffusing entity with varying 
fractional exponents for Cu-Cu diffusion. When 
the fractional exponent increases from 0.6 to 1.0, 
there is early convergence at the zero point, 
accompanied by an increase in concentration. 
This suggests that a higher fractional exponent 
contributes to greater concentration and 
diffusivity of the diffusing species. This 
observation aligns with the research of  Aloke et 
al. [31]. The plot reveals a saturation at the zero 
point before diverging exponentially. Figures 4 
and 5 depict the concentration dependence on 
the radius of the diffusing entity for Zn-Cu 
diffusion, with temperature as the variable. As 
the temperature rises from 5°C to 25°C and from 
10°C to 50°C, early saturation is observed at the 
zero point, followed by a steady divergence. This 
behavior signifies an increase in the 
concentration of the diffusing species at higher 
temperatures due to increased thermal energy, 
which enhances the diffusivity. The observations 
are consistent with Rajput's [1] research. In 
Figure 6, the dependence of concentration on 
radius for Zn-Cu diffusion with varying fractional 
exponents is shown. Early convergence occurs 
at the zero point, but concentration increases as 
the fractional exponent rises, likely due to the 
viscosity of the diffusing species. This behavior 
agrees with previous findings by Rajput [1]. 
Figures 7 and 8 illustrate the concentration's 
dependence on radius for Al-Al diffusion at 
different temperatures. In both plots, saturation is 
observed as temperature increases, leading to 
divergence. However, the divergence in Figure 7 

The analysis shows how diffusion behavior 
varies across different metal systems and under 
various thermal and fractional exponent 
conditions. In Figures 8 and 9, for Al-Al diffusion, 
concentration stabilizes more sharply as 
temperature rises, a result of heat absorption by 
diffusing species, aligning with Allen et al. [32]. 
Figures 10 and 11 for Cu-Ni diffusion reveal that 
increased temperatures (5°C to 50°C) promote 
concentration growth and early saturation at the 
zero point, with sharp divergence at high thermal 
energy, consistent with Gao's observations [34]. 

In Figures 12-15, Cu-Al diffusion demonstrates 
that concentration rises with temperature and 
that copper diffuses more readily in aluminum 
due to stronger Cu-Cu bonds. The effect of 
viscosity on diffusion is observed with early 
convergence at the zero point and divergence at 
higher fractional exponents, aligning with Rajput 
[1].For Fe-Fe diffusion. higher temperatures 
increase diffusion rates, while rising fractional 
exponents enhance diffusivity and concentration, 
as confirmed by Hassanabadi and Hosseinpour 
[36]. Table 1 provides experimental diffusion 
data, while Table 2 compares calculated 
coefficients using the Fractional-Stokes-Einstein 
model. Although slight variations exist, the model 
accurately predicts diffusion coefficients, 
reflecting key differences among metals due to 
viscosities, activation energies, and pre-
exponential factors. 

This concept can be applied in solid-state 
physics, as illustrated by the results in Table 3, 
which were obtained using equation 6. 

Table 1 Diffusion Data [1, 48] 
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Table 2: Calculated values of diffusion 
parameters   
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Table 3: Calculated values of concentration 
parameters  
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Figure 1: Dependence of concentration on radius of 
diffusing entity with temperature varying for Cu-Cu 
diffusion  
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Figure 2: Dependence of concentration on radius of 
diffusing entity with temperature varying for Cu-Cu 
diffusion  
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Figure 3: Dependence of concentration on radius of 
diffusing entity with fractional exponent varying for Cu-
Cu diffusion  
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Figure 4: Dependence of concentration on 
radius of diffusing entity with temperature 
varying for Zn-Cu diffusion 
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Figure 5: Dependence of concentration on 
radius of diffusing entity with temperature 
varying for Zn-Cu diffusion 
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Figure 6: Dependence of concentration on 
radius of diffusing entity with fractional 
exponent varying for Zn-Cu diffusion  

T 5C

T 10C

T 15C

T 20C

T 25C

0 1 2 3 4 5

1 1011

8 1010

6 1010

4 1010

2 1010

0

r m

c
o

n
.M

o
l.

1

m
3

 

Figure 7: Dependence of concentration on 
radius of diffusing entity with temperature 
varying for Al-Al diffusion 
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Figure 8: Dependence of concentration on 
radius of diffusing entity with temperature 
varying for Al-Al diffusion 
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Figure 9: Dependence of concentration on 
radius of diffusing entity with fractional 
exponent varying for Al-Al diffusion  
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Figure 10: Dependence of concentration on 
radius of diffusing entity with temperature 
varying for Cu-Ni diffusion 
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Figure 11: Dependence of 
concentration on radius of diffusing 
entity with temperature varying for 
Cu-Ni diffusion 
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Figure 12: Dependence of concentration on 
radius of diffusing entity with fractional 
exponent varying for Cu-Ni diffusion 
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Figure 13: Dependence of concentration on 
radius of diffusing entity with temperature 
varying for Cu-Al diffusion 
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Figure 14 Dependence of concentration on 
radius of diffusing entity with temperature 
varying for Cu-Al diffusion 
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Figure 15: Dependence of concentration on 
radius of diffusing entity with fractional 
exponent varying for Cu---Al diffusion                                                     

5. Conclusion 
 
This study provides an analytical approach to 
species diffusion in spherical solids, validating 
the fractional Stokes-Einstein model as a more 
precise tool for estimating diffusion coefficients in 
metals. Unlike prior studies, it explores fractional 
exponents extending to Einstein’s upper limit of 
1, expanding the scope for diffusion analysis. 
Additionally, using spherical rather than 
rectangular coordinates allows for a more 
accurate representation of diffusion in these 
materials. The findings highlight the influence of 
atomic size on diffusion rates, offering insights 
crucial for optimizing material properties in 
applications such as alloy fabrication, metallurgy, 
and semiconductor device performance. 
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