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1. Introduction

Dual integral equations are often encountered in
different branches of mathematical physics and
they generally arise while solving a boundary
value problem with mixed boundary conditions
[1] and (Debnath et al, 2016). In reducing the
corresponding boundary value problem to dual
integral equations with a trigonometric function
kernel, (Mandal et al, 1994) and (Chakrabarti et
al, 1997) studied linear water wave scattering by
a vertical barrier. The behaviour of one of the
integrals of these dual integral equations at the
point where the boundary condition changes
play a crucial role in determining their solution.
Some dual integral equations involving
trigonometric function kernels of the first and
second kinds have been studied by [5]. Other
types of investigations for the dual integral
equations with trigonometric kernels has been
done by (Ahdiaghdam et al, 2017), and [7]. This
paper focused on the solution of dual integral
equations with trigonometric function kernel.
However, there are limited contributions to this
area especially in the recent years. The paper
emphasized on the application of Fourier sine
transform to obtained the solution of mixed
boundary value problems.

2. Methodology

The method used in this paper is Fourier sine
transform method to solve Laplace’s equation

Consider the Fourier sine transform
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with the given boundary conditions to obtain and
solve the dual integral equations given by [8].

3. Solution of dual integral

equations

Consider Laplace’s equation

8 u s 8 u 0 0 "
—+—=0, -wm<x<m zy<h,
dx=  dy- (3.1)
with the boundary conditions
lim ulx,y) =0, 0=<y=<h,
i (3.2)
{u'{:c,ﬂl = sgnlx), Ixl = 1,
u,(x,0) =0, Izl = 1L, (3.3)
and
ulx,h) =0, —w=x<® (3.4)
where
1, =10
Sen (x) = {D, x=10
-1, x=0
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Elu(x. y)] = Ulw,y) = Jﬂ: ulx, y)sin(wx) dx.
Taking Fourier sine transform of both sides of Equation (3.1), gives
Eluy] + Efuy,] =0
wu(0,y) + (iw)*U + Uy (w, y) = 0.
Upy (e, y) —a*U(w.y) =0,
Applying the additional condition u(0,y} =0, 0= y =< h,gives

%—Q:U{m-ﬂ:ﬂ. 0<y<h
The characteristic equation is

m- —w” =10
which implies
m = +.
Therefore, the solution has the general form

Ulew, v) = Alw) sinh(wy) + Blw) coshlwy).
From the boundary condition, we have
ulx,h) =0, -0 <x <0,

E[ulx,h}] = Ulw, h) = 0.
Now Equation (3.7) becomes

e, i) = Alew) sinhl{wh) + Blw) coshlwh) = 0,

Al )sinh(eh)

Blw) = - cosh(wh)

Substituting E{ e} in Equation (3.6) gives

Ulew, y) = Alew) sinh (wy) — %cnsh{m}'l

=$:::h] [sinh{ey) cosh{ewh) — cosh(wh) sinh (wy)].

Applying the identity sinh(P — Q) = sinhPcoshQ — coshPsinhQ, we get

_ A(w)sinh[w(y — h)]
Ul y) = cosh{wh)

Which is equivalent to

A(ew)sinh[w(y — h)]

e, v} = 3.8
(e J] cosh (eh) (3-8)
Taking the inverse Fourier sine transform, we obtain
2r= sinh[w(y — ]
yi=—1 A ————— si d e, 3.9
ulx.y) TE.L (@ coshicwh) sin(wx) ds (3.9)

Now applying the boundary condition

Full paper

(3.5)

(3.6)

(3.7)
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ulx,0) =sgnlx), lxl =1,
gives
2" sinh[w(0 — h)] B
ulx, 0) —%L A Wsm{mﬂ dew = sgnlx),

By definition of sgn (x), we get

N sinh (esh)
—f Alw) sinfwr) dw = —1, 0=x<1,
Tty cosh (cwh)

or

2 =

Ef Alw) tanh(ewh) sinlwx) dew = —1, 0=x=1 (3.10)

o
Applying the boundary condition u,,(x, 0) = 0, lxl =1,

sinlex) des = 0,

27= coshlewl(0 — k)]
J, o=

u}.{x.ﬂ] - % coshlwh)

which simplifies to

J‘xa:ufl () sinfewx) dew =0, x| = 1. (3.11)
0

Hence, we have the set of dual integral equations (3.10) and (3.11), where A{w) is the unknown
function.

To obtain the solution of the above dual integral equations, let assume
1
wAlw) = f g(t) sinlewt )dt. (3.12)
o
Substituting Equation (3.12) into Equation (3.11), we get

Lxm.-‘l () sin(lewx) deo = —% U‘:A (e0) coslewx) n’a:-]

1 =
= _J‘n g(t) % Un sin( et ) coslex) %d] dt

= 0. (3.13)

Applying (Gradshteyn and Ryzhik, 1980, (3.741.2), p 414)) The integral within the square bracket
varnishes since |x| =1 and 0 = ¢ = 1. Thus Equation (3.12) satisfies Equation (3.11).

To obtain g(t), substitute Equation (3.12) into Equation (3.10)

L e

ta| =

(3.14)

]

= o
J‘ tanh (wh )sin{wx)sinlwt) dt = —
o

The integral within the square bracket, denoted by I, in the above equation can be evaluated as
follows:

Using sinp sing = = (cos(p — q) — cos(p + q)) with p = wx, g = et.
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we obtain

[ = J:: tanh (cwh) E{cnsw{x —t) — coswlx + t]}] df

Applying the formula from (Gradshteyn & Ryzhik, 1980, (1965, (4.116.2), p 516))

J‘" . die 1 thmr
. cos(ewtanh (fe) —~ =Injco ik
we obtained
L th(x—t]n' ! th{x+t:|nr
2T T | T2 T
= f [lr1||:|:|th|[:p':x - t]}| - ln|cnﬂ1{:p(.r + t]}”,
where g = —

4k’

Applying the property of logarithms, we get

1 u:u:uth{cp{.r - t]}

=-=-ln|—m—mm—

2" |coth(plx + £))

1 | coth{wx — q.:t]|

— 2" coth{gx + @t)

1 |tanh{@.r + @t}

= 2 " tanh(gx - 9t)
sinh{gx+ot)
_ 1 cosh{@x+ot)
- Eln sinh{gx—ot)
cosh{gx—ot)

1 |sinh@{.r + t) coshg(x —t)
— 2" ||:|:|shq.:l{.r + t) sinhe(x — )

Applying the identity

sinhX + sinh Y = 2sinh ~(X £ Y) >cosh(X T Y),

which is equivalent to

sinh(X +Y) cosh(X T Y) = > [sinh(2X) + sinh(2Y)],
we obtained

|sinh:p{.r + t)cosh g(x — t)
ol coshe(x 4 £)sinhe (x — £)

1
I_El

sinh 2gx + sinh 2t
sinh 2gx — sinh 2¢t !’

1
—Elﬂ

1 : |sinh [mx/(20)] + sinh[rrtf{?h]]‘
=3 ,

*sinh[mx/(20)] — sinhlnt/ (2h)]

and Equation (3.14) becomes

CaJoST, 2022, 1, 10-19
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J,L |smh[“ﬁ:zh]] + sinh [T/ | _
g(t)n . . [mx dt = —m. (3.13)
o |5mh[ f{zhj] — sinh [ f{%]]
Let
f B ginh I:R-t.flr{E.r!:]:l _ sinh I:H-x.;liznr!]]
sinh [/ (a1 sint [ o
Then
2h . ) T
t= ?ar‘csmh [fsmh (E)]
dt 2
d_-;'-' = ——f{s:’nh']' [.f smh(%:l]}
2h 1 m
2 <z 5= (5]
I[ETE
Hence
P 2h sinh (X ) N
rr\ll-f:s:'n.’z: {;r) +1
and
gt) =g I% arcsinh [£sinh {%]]}
This implies
_—
F{f]:g[%arcsinh [fsinh(%)]} . si [a’rczh]]

1§k’ [quzh]]

Equation (3.45) becomes

} Si”h[”f(zhj]

\.'I'L + {7sinh?® [Hx’(zhj]

1 |"c+n|n‘ - ™ a1
- 2h nr 4 =3 10

L2 T
g I—arcsinh fsinh | —
[ e ()]
Equation (3.16) can be written as

E+n
£E—n

According to [10] the solution of the integral equation

L
J‘ln
o

W
|d.,r =—o (3.17)

L F(fin

x4+t
r—t

|.f:{t] dt =nflx), 0=<x=<l, (3.18)
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is given by
(a) 27 (0%)
hit) = —— |:J‘ e -I-f:——_.
mdt t '..-n'-—t- iyl — £*
where
a
sle) = I'® ————df
oot =&
Equating the nght-hand-side of Equations (3.17) and (3.18) we obtain
.
i) = -3,
m
flx) = 3y
Now, by replacing x = n, and £ = £, in Equation (3.18) we have
: +7
j F(£) m |d§ ).
2d[rt asia) 2f(0*
Fl§)=——— I —_n’n] +f— L
mdé e fa? —£2 mE 12
Where
-
sla) = %n’u.
b vaT—u”
This implies that,
w
fln) = T =f'g)=0=sla) =0
Therefore,
T
) — _ —
flot)= o
Substituting,
2(-- 1
F{fj = (,-L:I. =- — =
wEy 1 —E° hiy1—E-
Then we have,
1 g(t)sinh [’Tf.:zhj]

hEy1-§° 1+ Esinbe [Tf;{zh]]

which implies

u"'L + ik [T/ |

sinh [Hf{zh]] hefi—et

glt) =—

Now, substituting & =—

I -
[ i o/
g(®) = - inh [t /(2] il e/ 2]
. Fr sinhlet/(ZR). [- _EII:I “Irt/(2Zr)d
B Slﬂlﬂ[i‘?.- {_h:l] sinh [/ {2k ] Y sinh? [z, 2kl

After some cancellations we have

Full paper
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J 1 + sinh?[mt/(2h)]

| T ¥ S ——
sinh? [wt /[ 2R)]

h sinh[=t/(2h)] J 1-

glt) = —

sinh?[x, [2k)]

y cosh?[mt/(2h)]

h sinh[xt/({2h)

] -L'IEiI:Ih:[.':’.'rl 2k jl—ginh2[re /12k3]

sinh 72k )]
On simplifications we obtained

® cosh[mt/ (2h)] sinh[m/(2h)] 1

git) =- : . = =

h sinh [t/ (2R)] J sinh? [m/(2h)] — sinh? [mt/(2h)]
coshlmt/ (2h)] sinhlx/(2h)] 1
- 1/v2h \,-"cu:ush{nrtfh] —1  [coshim/Ri-1 coshimt/h)-1

W z z

coshlmt/ (2h)] sinhlm/(2h)] 1

1/42 h \,-'cnsh{n't;’h] -1 1/42 w-"c-:ush(n'fh] — coshimt/h)

coshlmt/ (2h}] sinhlz/(2h}]
1/2h w-"ccush{n't.."'h] -1 w-"cush{:rr,."'.fz] —cosh(mt/h)

Therefore,

2 coshlmt/ (2h) ] sinh[=/(2h) ]
glt) = —— , . (3.19)
h w-'-:u:ush{:rt,:".fz 1—1 y coshlm/h) —cosh(mt/h)

Similarly, by replacing Equation (3.19) into Equation (3.12) and then substituting the result into
Equation (3.19), the completed integral solution of the given boundary value problem is obtained.

4, Results and Discussion

The result of the problem u{x, ¥} can be obtain by combining equation (3.19) and Equation (3.9) as

sinlwx) dt| dew.

2 1= [rtg(t) sin(ewt) sinh[wly — k)]
Il

u(xy) =~

T ewecosh{wh)

To plot the graphs of u(x. ¥}, we simplify the above equation as follows:

Let

e,

(£ = J‘xSEﬂ(mt] sinh[el(y — h)] sin{awr)
D

ewcosh(wh)

_ J‘“ sin{ewt) sinh{wd ) sinlwx)
]

weosh (wh)

where 4 =y —h

sinh{wAd)

weoshwh) “

r(t) = J“‘ sin{ewt) sinawx)
o

Using the identity that,
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1
sind sinB = 5 [cos(4 — B) — cos(4 + B)]
we have

sin(wt ) sin{wx) = é [cos{ewt — wx) — cos(wt + wx)],

1
=3 lcos(t — x)ew — cos(t + x)w].
Substituting, we attained
W0 = 1 J-* G sinh{wA)
rit) = 21), coslt — x)ew _Eus{t-l_xjmmmsh{wh]

e .
2

1 J"‘ cosl(t — x)ew sinh{wA) J"‘ coslt + x)ew sinh{wA)
2 o “T 0

cecosh (wh) cwcosh(wh)

?’]_ {t:l r: {t]
This implies

r]_ ':t:] - J": {t:]
—? .

ri(E) =

Using the relation from (Gradshteyn & Ryzhik, 1980,(4.114.2), p 513) )

— =¥
@ cosh(yw) o7 Elﬂ cnsh{?) —Eiﬂ(f_:jl |

=¥

J‘" cos{ow) sinh(fw) P 1 ':':'Sh(?) + sm('?—:jl
o

For r, (), apply the above formula with &

1 cnsh(lr;;m)-l-siﬂ(j—:)

nit) =-In

2 cnsh('r;;':)—sin(j—:) I

t—xf8 =4y =hweget

For =, (t), apply the above formula with a

1 cnsh(%) -I—sin(%)

t+xf8 =4y =h weget

@) = Eln cush(%) —sin(ﬁ) I
Therefore,
] cnsh('r:ﬁ) + sin (ﬁi) co h('rtf':) + sin(}:—-')
r() = 7qln et ax
cu:ush( o )—sin(ﬁ) co h( - )—sm(;)
1 |cosh (.r—:;..—:) + sm(—:) cnsh(%) - sin(:—:)
-3 cosh (.r—:%) —sin(%) cnsh(%) + sin(};—f) I
where A=v—h
n(t) = cush(%) -I—sin(;—:-]
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mit) = cush(%
() = l:u:nsh({t ;;]ﬁ
1 (t) = cosh (%

Substituting back, Equation (3.9) becomes

A. Umar and Z. S. Maishanu

)-su(2)

1 1
ule,y) = EL 400 r®at.

we plotted the graph of the solution %(%: ) 5.

Conclusion

L . In this paper, we have discussed the various

(1]

(2]

(3]

[4]

(5]

Figure 3. The graph of the solution % (% ¥} yjth # = 3

CaJoST, 2022, 1, 10-19

results generated in 3D graphs using different
values of h, it is observed in Figure 2 and Figure
3 that the graph generated when h =2 and h =3
gives the same result but not as accurate as
when h = 1. However, the result obtained in
Figure 1 shows that the graph generated in 3D
remains unchanged since k is well defined.
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