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In this paper, we proposed a non-linear model with three strategies for the
control of malaria transmission between the human and the vectors. The model
incorporated insecticide treated bed nets, treatment of infected human and the
indoor residual spray as the control strategies. The disease-free equilibrium of
the model and stability conditions were obtained. We derived the basic
reproduction number for the model using next generation matrix approach. The
Routh Hurwitz criterion has been applied where we carried out the local and
global stabilities of the disease-free equilibrium. However, the results show that
the disease-free equilibrium is locally and globally asymptotically stable when

R, <1 and unstable when R, >1. We carried out numerical simulations
using Runge-Kutta of order four and the results revealed that the disease could
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1. Introduction

Malaria is one of the deadliest infectious
diseases that have claimed millions of lives
around the globe. Malaria in human beings is
caused by five species of parasites belonging to
the genus Plasmodium. Four of these species,
Plasmodium falciparum, Plasmodium vivax,
Plasmodium malariaeand Plasmodium ovale,
affect human beings and are spread from one
person to another via the bite of female
mosquitoes of the genus Anopheles. There are
about 400 different species of Anopheles
mosquitoes, but only 30 of these are major
vectors. Recently, human infections of malaria
due to Plasmodium knowlesihave been recorded
— these species of malaria are usually found
among monkeys in certain forested areas of
South-East Asia. Current information suggests
that Plasmodium knowlesimalaria is not spread
from person to person, but rather occurs in
people when an Anopheles mosquito bites an
infected monkey and transmits it to humans
(zoonatic transmission) WHO [16]. They also
reported that about 3.2 billion people or almost
half of the world’s population remain at risk of
infection by the malaria parasite.
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be curtailed when the three control strategies are adequately implemented.
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Tumwiine, Mugisha and Luboobi [13] proposed a
model that tracks the dynamics of malaria in the
human host and mosquito vector. The model
incorporates some infected humans that recover
from infection and immune humans after loss of
immunity to the disease to join the susceptible
class again. All the new borne are susceptible to
the infection and there is no vertical
transmission. The stability of the system is
analyzed for the existence of the disease-free
and endemic equilibria points. Chitnis, Cushing
and Hyman [4] performed sensitivity analyses on
a mathematical model of malaria transmission to
determine the relative importance of model
parameters to disease transmission and
prevalence. They compiled two sets of baseline
parameter values: one for areas of high
transmission and one for low transmission. They
computed sensitivity indices of the reproductive
number (which measures initial disease
transmission) and the endemic equilibrium point
(which measures disease prevalence) to the
parameters at the baseline values. Olaniyi and
Obabiyi [9] presented a seven-dimensional
ordinary differential equation, modelling the
transmission of Plasmodium falciparum malaria
between humans and mosquitoes with non-linear
forces of infection in form of saturated incidence
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rates. Mwanga, Haario and Nannyonga [7]
studied the robustness of optimal control
solutions under such parameter uncertainty. For
the given model simulation, they created data so
that a plausible variability of the epidemiological
dynamics was covered. Lutambi, Penny, Smith
and Chitnis[6] developed and simulated a
discrete-space continuous-time mathematical
model to investigate the impact of dispersal and
heterogeneous distribution of resources on the
distribution and dynamics of mosquito
populations. They build an ordinary differential
equation model of the mosquito life cycle and
replicate it across a hexagonal grid (multi-
patchsystem) that represents two-dimensional
space. Malarial infection could be controlled or
prevented through drug treatment of malaria
infected patients which would then reduce
transmission of the disease, use of insecticide-
treated nets (ITNs), indoor residual spraying and,
in specific settings, larval control, World Health
Organization (WHO) [15]. Otieno, Koske and
Mutiso [10] studied a deterministic model for
malaria  transmission was studied and
incorporated the intervention strategies for the
most at risk groups (pregnant women and
children under five years of age). Analyses of the
model for cost effectiveness of the control
strategies were undertaken. Silva and Torres [12]
studied a Mathematical model for the effects of
insecticide treated nets (ITNs) on the
transmission dynamics of malaria infection which
took into account human behavior and
introduced a supervision control, representing
information, education, communication (IEC)
campaigns for improving the ITN usage. They
proposed an optimization model whose aim was
to minimize the number of infected human beings
while keeping the cost low. They found that an
effective and optimal use of preventive measure
without the use of larvacide is not possible if total
elimination is the objective Ozair et al. [11]. Ngwa
and Shu [8] analyses a deterministic differential
equation model for endemic malaria involving
variable human end mosquito populations.
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We considered the model of Alhassan, Momoh,
Kadzai and Abdullahi [1] which was only used for
optimal control and cost effectiveness analysis in
controlling the transmission of malaria. So we
carried out the stability analysis of the model
using Routh-Hurwitz criterion as described in
Flores [5] and the numerical simulation using
Runge-Kutta of order four.

2. Model Formulation

The model formulation was explained in
Alhassan, Momoh, Kadzai and Abdullahi [1].

2.1 Model equations

pAL()
N, (0

s.h(t) =An '[1_U1(t)] Sh(t)+[}/h +0hu2(t)]|h(t)_ﬂhsh(t) (1)

p.A1L (1)
N, (1)

E,(0) = [1-u, ()] S\(O-&EO-wE®D (2

()= 6,E,0 -1 + o0, 01,0 - (4 +5)L,0 3

$,0=A,-L-u @22 s 0 @u+u)s,0 @)

N, (t)

E, (1) =[1-u,(0]

pA! : s 0-ce0-00rmED  ©)

N, (®)

1, (1) = &,E, (1)~ (B, + )1, (1) (©)

The rate of change of the total populations for
human and mosquito are given by

Nh(t):Ah_:uhNh(t)_é‘hlh(t) (7)

N () = A, — (0, + 2N, (1) ®)
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Table 1: Parameters and variables descriptions and values used in the model

Symbols Description Estimated References
Values
Ah Recruitment rate in humans 1CV Silva and Torres [12]
(70x 365)
Av Recruitment rate in mosquitoes 10%1 Silva and Torres [12]
Natural mortality rate in humans Silva and Torres [12]
Hhn Yr0x365)
u Control measure for the use of ITNs 0-1 Assumed
1
u Control measure for the use of treatment in humans 0-1 Assumed
2
u Control measure for the use of indoor spray 0-1 Assumed
3
Lo Natural mortality rate of mosquitoes %1 Silva and Torres [12]
S, Disease induced mortality rate in humans 1073 Silva and Torres [12]
7h Spontaneous recovery for humans 0.005 Assumed
P Probability of disease transmission from mosquito to human 1 Silva and Torres [12]
P, Probability of disease transmission from human to mosquito 1 Silva and Torres [12]
o Weight constant for the use of treatment in humans }/ Silva and Torres [12]
4
1] Weight constant for the use of indoor spray 25 Assumed
reakthrough from the expose umans to infecte ssume
£ Breakth h f h d h infected }/ A d
h humans 17
P Breakthrough from the total population of mosquitoes }/ Assumed
v 18
B Biting rate of mosquito 0.3 Agusto et al., [2]
Sh (O) Susceptible humans initial value 800 Silva and Torres [12]
Eh (0) Exposed humans initial value 20 Assumed
Ih (0) Infected humans initial value 0 Assumed
S (0) Susceptible mosquitoes initial value 9500 Assumed
v
Ev (0) Exposed mosquitoes initial value 20 Assumed
Infected mosquitoes initial value 30 Assumed

3. Mathematical Analysis

In this paper, we analyze the local stability of the
model using the diseases free equilibrium and
the basic reproduction (10) as obtained in
Alhassan, Momoh, Kadzai and Abdullahi [1].

3.1 Equilibrium state of the model

The diseases free equilibrium is given as:

MD:(S;,E;,I;,S;,E;,I;)z[ﬁ,O,O,#,O,Oj ©)
Ay (Ou + 14,)

3.2 Basic reproduction number of the
model

The basic reproduction number can be defined
as the average number of secondary infectious
individual in a completely susceptible population.
The next generation matrix method of computing
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R, was used to compute the reproduction

number as described by Van den Driessche and
Watmough [14] on the model (1) to (6). Thus, the
basic reproduction number (10) obtained in
Alhassan, Momoh, Kadzai and Abdullahi [1] is
given below;

R = [(1—[1)2 Avplpzﬂzghgv:un
' ' Al ) 03, + 6,8, + 00+ ) O + 1, ) (O + 41)

(10)

3.3 Local stability of the disease-free

equilibrium

The basic reproduction number of the model (1)
— (6) that was obtained in Alhassan, Momoh,
Kadzai and Abdullahi [1] is used to analyze the
local stability of the disease free equilibrium point
of the model.
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The disease free equilibrium state M, is locally
asymptotically stable if R, <land unstable if
R, >1.

Proof

The Jacobian matrix of the system (1) — (6) is
evaluated at the disease free equilibrium point

M, as obtained below:

[u 0 (r+o0,) 0 0 (w-1)ps
0 *(b‘h +;4h) 0 0 0 (lful) pf
0 &, ~(r,+oyU, + 1, +6,) 0 0 0
(u1 ’I)Av/’n p.A
=0 — - 0 0
I(M,) A (00 1) (60, + )
(1’u1)Av/‘h p.A
0 Lalihe Vi L o 0 (g0 0
A (00 1) (&, +6u,+ 1)
|0 0 0 0 e, ~(0uy+ 41 ) |
11)

We reduce (11) in order to show all the
eigenvalues of J(M,)are negatives. From (11),
the first row and the fourth column contain the
diagonal terms which formed two negative
eigenvalues -y, and —(6u,+p, ). Therefore,
the other four (4) eigenvalues will be obtained

after reducing the (11) to get the sub-matrix (12)
below;

(g, +m+4) 0 0 (1-u)pp
& (7, + 03U, + 1 46, +4) 0 0
1-u ) A =
0 (t-u)udph (o4O aerd) 0 ’
A, (0 + 1)
0 0 é, ~(6u, 4, +4)
(12)

The other eigenvalues are obtained from the
roots of the characteristics equation (13) below;

(1'ul)Z b pzﬂzgnfvﬂh[\v -0
NUIRN
(13)

(6 ++4) 1y 00+ 40, +2) 0, 1, .2) B+, )

We let

C,=¢,+0U,+,

C =¢&,+, C,=y,to,U, + 1, + 6,
and C, =6u, + u, and

substitute them from (13) to get

(1_ U )2 P, pzﬂzghgv:uh/\v

(C,+2)(Cy+4)(C+2)(C+4)— Ay (OU; + 1)

=0

(14)
Now after evaluating (14), we obtain
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D,A*+D,A*+D,A*+DA+D, =0 (15)
where
D=1 D= 4C,4C,4C, D, =(CC, (GG, J+CC, 4G, and

2
l_ul) pl pZﬂz‘ghgwuhAv

DO:C1C2C3C4—( INCRPN
h 3 vb

Evaluating D,in terms of reproduction number
RO

(L-u)p pzﬂzghgvﬂhAv
A, (Eh +ﬂh)(}’h oy, + 4, +§h)(€v +0u, +/~‘vb)(0u3 "'/va)

R =

_@-u)p, A et i,

2
Ro A,C,C,CC,

Gives

D, =CC,C,C, (1-R)) (16)

Using Routh-Hurwitz criterion in Flores [5] for the
polynomial (15), which states that all the
determinants of the Routh-Hurwitz matrices H,
where (i= 1, 2, 3, 4) are positive. In the
polynomial (15) shows that H, >0, (i=1, 2, 3,
4).

D, Db 0 O
D, DD D, 0
H4 _| 2 0 > 0,
0 D, D O
0 D, D, D,
D, D, 0
3 1 D3 D1
H,=|D, D, DJ|>0H,= >0 and
D, D,
0 D, D
H, =|D1| >0

Therefore, all the eigenvalues of the Jacobian
have negative real parts, implying that the
disease free equilibrium is locally asymptotically
stable if R, <0 and unstable if R; >0.

3.4 Global stability of the disease-free
equilibrium

We employ the method of Castillo-Chavez, et al
[3] for analyzing global stability of DFE. The GAS
is achieved if the two given conditions below are
met. The model equations (1) — (6) are rewritten
in the form:
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dx
EzF(x,Z) 17
%:G(X,Z); G(X,00=0  (18)

where X e; ? denotes the uninfected individuals
and Ze;* denotes the infected individuals
which includes the latent and the infectious. The
disease free equilibrium of the model as shown
in (9) is represented below as:

h’s\:’E\j’ I\:): ﬁ! 01 01 Lu O| O
Hy (6u3+:uvb)

*

M, =, E;. !

The two conditions to be met for the global
stability are;

0] c:j—)t( =F(X,0), X’ is globally
asymptotically stable (29)

(i) G(X,2)=AZ-G(X,Z), where
G(X,Zz)>0 for (X,Z)ell (20)

where A=D,G(X,0) is an M -matrix (the off
diagonal elements of A are non-negative) and
IT is the biological feasible region. If the two
conditions given above are satisfied by the model
equations, then following theorem holds, Castillo-
Chavez, et al [5].

Theorem

The equilibrium point

M, =F(X",0)= [ﬁ, A
Hy o (OUg + pay,)

model equations is globally asymptotically stable

provided R; <1 (locally asymptotically stable)

OJ of the

and both the two conditions are satisfied.
Proof

To apply the above theorem on the model
equations we proceed as follows;

For condition (i)

A, — 1S
RIS
v_( u3+1uvb) v (21)
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We solve the linear differential (21) and got

Ay o
S, () =(1-e™") ="+, (0)e (22)
Hy
S — (O +11 )t AV * ~(GUg 41 )t
() = (1—e M) ) ——— 57 (0)e ™ (23)

0u3 + /uvb

From (9), S, (t)+S, (t) = N"(t) as t — o Irrespective of
the values of S; (0) and S, (0).

* A A
Therefore, X" = {—“ —
Hy, ‘9u3 + Hy,

asymptotically stable.

} is  globally

For condition (ii)

G(X,Z)=AZ-G(X,Z)

e+ ) 0 0 L-uw)nfs, ”l,\)l RS,
h
A= & (7, +0,U, + 14, +6,) 0 0
0 M —(&, +06u,+ 1) 0
Nh
0 0 &, (O, + 1)
and
1-u .S
( 1)p1ﬂv h_EhEh_ﬂhEh
Nh
G(X,Z): 15hEh_(7:;Uhu2)|n_(ﬂh+5h)lh
%_EVEV_(QU3+IL!VD)EV
Nh
ngv_(9u3+/uvb)|v
0
A 0
Thus, G(X,Z) = AZ-G(X,2)= ol i.e
0
G(X,z)=[0 0 0 0] . This shows that
G(X,Z) =0.Hence, the model is globally

asymptotically stable

4. Numerical simulation

In this section we performed the numerical
simulation of the model equations using the
inbuilt Range - Kutta of order four in MATLAB.
We explore the model with preventive and
treatment as control parameters to study the
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effects of control on the transmission of malaria.

We used one control parameter at a time,
combination of two control parameters at a time
and the combination of three control parameters
at a time. For the figures presented, we used
table 1 for parameters and variables values to
illustrate the impact of the control strategies on
the transmission of malaria in a population.

S

e — T T T T 1
0 [ E} E) W E} E) ™ £ E) 0
i ()
@

Figure 1(a). Graphical solution for infected human when
treated bednets is used as theonly control strategy

E)
Time (dys)
]

Figure 1(b). Graphical solution for infected mosquitoes when
treated bednets is used as the only control strategy

E) W W w0
e cays)
@

Figure 2(a). Graphical solution for infected human when
treatment is used as the onlycontrol strategy
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Figure 2(b). Graphical solution for infected mosquitoes when
treatment is used as the only control strategy
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E) ) E) £ 3 e £ 0

Figure 3(a). Graphical solution for infected humans when
indoor spray is used as the only control strategy.

T T T T T T T P ——

e ys)
o

Figure 3(b). Graphical solution for infected infected
mosquitoes when indoor spray is used as the only control
strategy

L L L L L L L L _
o 10 ) el ) ™ e £ 0

E)
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Figure 4(a). Graphical solution for infected humans when
treated bednet and treatment are used as the control
strategies
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Figure 4(b). Graphical solution for infected mosquitoes when
treated bednetand treatment are used as the control
strategies.

o 1 E) £} ) E) C) O E) £ 10

Figure 5(a). Graphical solution for infected humans when
treated bednet andindoor spray are used as the control
strategies
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Figure 5(b). Graphical solution for infected mosquitoes when
treated bednet and indoor spray are used as the control
strategies

Figure 6(a). Graphical solution for infected humans when
treatment and indoor spray are used as the control strategies.
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Figure 6(b).Graphical solution for infected mosquitoes when
treatment and indoorspray are used as the control strategies
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Figure 7(a). Graphical solution for infected humans when
treated bednet, treatment andindoor spray are used as the
control strategies
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ool —
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Figure 7(b). Graphical solution for infected mosquitoes when
treated bednet, treatmentand indoor spray are used as the
control strategies

Figures 1(a), 2(a) and 3(a) show significant
differences in the infected humans |, and the
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infected mosquitoes |, when a single control

)
measure is applied to control the transmission
dynamics of malaria. We observed in figures
1(a), 2(a) and 3(a) that due to the use of a
control measure, the number of infected humans

I, decreased significantly. Similarly, figures

1(b), 2(b) and 3(b) show a decrease in infected
mosquitoes |, .

The use of two (2) control measures at a time

also reduced the number of infected human (Ih)
as shown in figures 4(a), 5(a) and 6(a) as against
the increase when there is no control is used.
Similarly it was observed that the number of

infected  mosquitoes | has decrease

Y

significantly when a combination of two (2)
control measures is applied in reducing malaria
transmission, while the number of infected

mosquitoes |, increase when there was no

\

control measure is applied.

Figures 7(a) and 7(b) illustrate how the number

of infected humans |, and the number of

infected mosquitoes |, decrease when all the

three (3) controls measures are applied in
controlling the transmission dynamics as
compared to the case without control.

5. Conclusion

This paper provides stability analysis to the
model proposed by Alhassan et al., [1]. The
model established that the disease-free
equilibrium point is globally asymptotically stable
when R, <1 and unstable when R, >1. This

means that malaria will die out if one infected
individual is introduced into a population. The
global stability of the model signifies that the
model is independent of the size of the initial
population. It was also observed that the disease
could be curtailed when the three control
strategies are adequately implemented. We
recommend that government at all levels should
ensure that all the three strategies are
implemented to help in eradicating malaria.
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